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I. INTRODUCTION 
We define a ring of type I to be an integral domain R with the following 
properties: 
(1) R has exactly two maxima1 ideals Ml and Mz . 
(2) Ml n n/r, does not contain a nonzero prime ideal of R. 
(3) RM~ and RM~ are maxima1 valuation rings. 
An equivalent definition is that R -= V, n I’, , where V, and V, are maximal 
valuation rings (not fields) with the same quotient field Q; and if W is a 
valuation ring contained in but not equal to Q, then IV contains at most 
one of the rings V, and 1,. It is the purpose of this paper to characterize 
rings of type I in terms of the structure of certain of their modules. 
Schmidt [7] showed a long time ago that Koetherian rings of type 1 do 
not exist. A short direct proof of this fact has been communicated to me 
by Mrs. Barbara Osofsky. However, non-Noetherian rings of type I do 
exist. Mrs. Osofsky has communicated to me the following example. 
Let I’ be the ring of forma1 power series in an indeterminate X with 
coefficients in the complex numbers C and exponents strictly increasing 
sequences of nonnegative rational numbers, and let Q be the quotient field 
of I’. There exists an automorphism G of Q which keeps the elements of C 
fixed and sends X into I - X. Let W L= u(V), and let R - : I’ n IV. Then 
R is a ring of type I. 
We will need the following two definitions. 
DEFINITION. An integral domain R is said to have property D if every 
torsion-free R-module of finite rank is a direct sum of R modules of rank one. 
DEFINITION. An integral domain is an h-local ring if it satisfies the 
following two properties: 
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(1) Every finitely generated ideal is contained in only a finite number 
of maximal ideals. 
(2) Every nonzero prime ideal is contained in only one maximal ideal. 
Of course, a ring of type I is an h-local ring. In [5, Theorem 31 we proved 
the following theorem. 
THEOREM A. An h-local domain has property D if and only if it is a 
ring of type I. 
Let us make the following definition: 
DEFINITION. An integral domain R is said to have a remote quotient 
field Q if there exists an R-submodule S of Q, S # Q, with S-l = 0, where 
S-i is defined by S-l = {q E Q 1 qS C R}. We note that S-l is canonically 
isomorphic to the dual of S; that is, S-l s Hom,(S, R). Having a remote 
quotient field is not a great restriction on R, and most integral domains 
have this property. In fact a Noetherian integral domain does not have 
a remote quotient field if and only if it is local of Krull dimension one and 
its integral closure is a finitely generated valuation ring. 
The main aim of this paper is to prove the following theorem: 
THEOREM B. Let R be an integral domain. Then R is a ring of type I 
sf and only if R has property D and a remote quotient field. 
2. TECHNICAL LEMMAS 
This section is devoted to proving three lemmas of a technical nature 
whose proofs at the points where they are needed would interrupt the flow 
of the proof of Theorem B. 
LEMMA 1. Let R be an integral domain with quotient field Q # R. Then 
the following statements are equivalent: 
(1) R has a remote quotient Jield. 
(2) There exists a valuation ring V, R C V SQ such that V-l = 0. 
(3) If V is a valuation ring such that R C V C Q, then V-l = 0. 
Proof. Clearly, we have (3) + (2) 3 (1). We will prove that (1) 3 (3). 
Suppose that there exists a valuation ring V, R C V C Q such that V-1 # 0. 
Then V # Q. By (1) there exists an R-module S, S $ Q such that S-l = 0. 
Now VS # Q. For if VS = Q, take r # 0 E R such that rV C R. Then 
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Q == YQ = Y VS C RS := S. This contradiction shows that VA’ f  Q. Since 
the V submodules of Q are linearly ordered and since R C V, there exists an 
element t # 0 in R such that t(lj-S) C CT. Then rtS C rt(VS) C rVC R, 
and so S-r -/- 0. This contradiction shows that V-r = 0 for all valuation 
rings b- such that R C V C Q. 
I,EMMA 2. Let R be an integral domain with quotient field Q and let S 
be an R-submodule of Q such that S-l = 0. Let I be a nonzero ideal of R and 
let A be an extension of S by I. Then A is a decomposable R-module if and 
only if S is one of the component direct summands of A. 
Proof. Suppose that d has a nontrivial decomposition -4 z A, @ A, . 
Let 7ri : S -+ Ai be the canonical projections of S into -4, for i = 1, 2. 
Since Ai is torsion free and rank S = I = : rank Ai , we have that either 
7~~ = 0 or 7~~ is a monomorphism for i =:- I, 2. 
Let f : A. + I be the canonical map coming from the fact that A is an 
extension of S by I. Suppose that both ri # 0 and m2 =/ 0. Then there is a 
monomorphism Ai1 + S-l = 0 for i =: 1, 2. Hence A;l --= 0 == A;’ and 
f ( Ai :- 0 for i =- 1, 2. But then f = 0. This contradiction shows that 
without loss of generality we can assume that rz = 0. 
We thus have SC -4r . Since S == kerf, we have an induced mono- 
morphism A,jS - I. But AI/S is a torsion R-module and I is torsion-free. 
Therefore S = -‘1, . 
COROLLARY 1. Let R be an integral domain with property 11. Let S be 
an R-submodule of Q such that S-r = 0. Then inj dim, S < 1. 
Proof. Let I be a nonzero ideal of R and consider an exact sequence 
of the form 
0 - s - i2 - I --f 0. 
‘Then A is torsion-free of rank two, and so by property D, il is decomposable. 
Hence by Lemma 2, the above sequence splits. Therefore ext,l(l, S) = 0. 
Since extR2(R/I, S) g extR1(I, S) :z 0, it follows that inj dim, 5 < 1. 
The following Lemma is highly technical, but it is the heart of the proof 
of Theorem B. 
LEMMA 3. Let R be an integral domain with property D. Let S be an 
R-module, R C S C Q such that S1 = 0. Let I be an ideal of R and b an 
element of R such that (I : b) is contained in the ]acobson radical of R. Then 
I = (Sa n I) + (I : b)b 
for every nonzero element a t R. 
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Proof. Let X be a two-dimensional vector space over Q with basis 
x and y. Let a # 0 E R. Define A = Sx + Iy + R((l/a)x + by); A is an 
R-submodule of X. Clearly A is a torsion-free R module of rank two, and 
hence there exists a nontrivial decomposition A = A, @ A, . Let 0 : A + A, 
be the canonical projection of A onto A, with kernel A,. 
LetwuA;thenw=q,x+q,y,whereq,,q,~Q.But 
w = sx + v + Y((l/@>X + by), 
where s E S, c E I, and Y E R. Hence we have 
w= s+; x+(c+Yb)y. 
( 1 (1) 
Thus q1 = s + r/a and q2 = c + rb. Hence q2 EI + Rb. Now O(x) = 
XEAl, and z = q$ + q4y, where q3 , q4 EQ. Suppose that qx E A, where 
q # 0 E Q. Then q = m/n, where m, n E R and n # 0. We have d(qx) = 
O(nqx) = 8(mx) = d(x). Hence in X we have B(qx) = qB(x). 
Let t E S; then e(tx) = to(x) = tz = tq+v + tq4y E A. Then 
tq,eI+ RbCR, 
and so q&i’ C R. Since S-l = 0, we have q4 = 0. Therefore e(x) = x = qgc. 
Now x = x + w, where z E A, and w E A, . Hence 
w = x - z = x - q,x = (1 - qJx. 
Suppose that q3 # 0 and 1 - q3 # 0. Then there exist elements Y, , r2 E R, 
Y, # 0 and r2 # 0 such that r,q, = r,(l - qJ. We would then have 
rl.z = r,q,x = r,(l - qJx = YEW. Thus Y,Z would be a nonzero element of 
A, n A, = 0. This contradiction shows that either q3 = 0 or 1 - q3 = 0. 
Without loss of generality we can assume that I - q3 = 0. Hence q3 = 1 
and so e(x) = x. 
We have the following equation 
AnQx = (S+q)x. 
For let w E A n Qx. Then by (I), w is of the form w = (s + r/a)x; and 
c + rb = 0. Hence Y E (I : b) and so w E (S + (I : b)/a)x. Conversely, by 
the definition of A we have Sx C A n Qx. Let Y E (I : b); then (Y/U)X = 
r((l/a)x + by) - rby E A. Hence ((I : b)/a)x C A n Qx. Hence we have 
proved that Eq. (2) is valid. 
We will next prove the following equation: 
A, = (s+q+. 
@I/23/1-6 
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For if 2x E A, we have seen that 0@) := 40(x) = qx. Hence A n Qx C A,. 
Conversely, let u! E A, . Since rank A, r= 1 and Rx C A,, there exists 
Y f  0 E R such that YW E Rx. Therefore the coefficient of y  in w is 0. Thus 
w E .4 CT Qx. Hence 3, = A n Qx = (S + (I : h)/a)x. (Parenthetically, we 
observe that we have shown that (S -+ (I : b)/a)x is one of the components 
in every direct sum decomposition of A). 
I$ow ,T + aby : a((lju).~ -+- lay) E A. Since x E A, it follows that shy E A. 
Thus 0(&y) = US, where u E (5’ -t (I : b)ja). Hence we have Q(x $ aby) = 
m L US = (I -i- U)X. Therefore, ati((lja)~ + by) = 6(x + aby) 2. (1 -1 U)X, 
and so 0(( 1 /a)~ -I+ by) ~~= (( 1 +~ u)/u)x. 
Let c E I; then ubtY(cy) ~7 6(&y) = = c@(uby) : : cux. Hence B(cy) (cu/ab)x. 
We next prove the following inequality: 
For 
(1 + U) -1 I ; c [Sa + (I : 6)]. (4) 
Hence 1 + u E [Su + (I : b)]. We also have 
2 x = B(Iy) c A, = (s + q) x. 
Therefore, Iujb C [Su + (I : b)] also. This establishes (4). 
Since I + u E [Su + (I : 6)], we have 1 + u = su + d, where s E S and 
dE(I:b).Thusu:=sa+(d~l).LetcE~.Thensincelu/bC[Sa+(I:b)], 
we have c(u/b) = tu + e, where t E S and e E (I : b). Therefore, ta + e =: 
1 csu -+ c(d - 1)1/b, and so tab + eb = csa A- c(d - 1). Hence (d - 1)” m: 
tub + eb - csa -m= (bt -- cs)a -f~ eb. 
Since d E (I : b) which is contained in the Jacobson radical of R, (d - 1) 
is a unit in R. Thus c = [(d --- 1) m1 (bt - cs)]a + (d - 1)~~ eb. Let e’ : 
(d - I)--Ie and 7’ (d ~ 1)~’ (bt - cs). Then 
c = wz -1 e’b. 
where v  t S and e’ E (I : b). Since aa = 1 c ~ e’b E I + (I : b)b : I, it follows 
that c E (Su n I) + (I : b)b. Since c was an arbitrary element of I, we have 
I C (Su n I) + (I : b)b which establishes the Lemma. 
3. THE MAIN THEOREM 
We are now ready to prove the main theorem. 
THEOREM B. Let R be an integral domain. Then R is a ring of type I 
if and only if R has property I1 and a remote quotient field. 
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Proof. Suppose that R is a ring of type I. Then by Theorem A, R has 
property D. We must show that it has a remote quotient field Q. Let M1 
and Ma be the two distinct maximal ideals of R. Since R is h-local, it follows 
from [3, Theorem 8.51 that Ry + RM2 = Q. Suppose that R;;;‘, # 0 and 
R;E;i # 0. Let I = R;;,I: n R;;;’ Then I # 0, and so Q = IQ = I(Ry + RM2) = 
IRy + IRw, CR. This contradiction shows that either R$ = 0 or 
R;t = 0. Thus R has a remote quotient field. 
We will assume from now on that R is an integral domain with property D 
and a remote quotient field. We will prove a sequence of statements about R 
that will eventually show that R is a ring of type I. 
(1) Let F be the integral closure of R. Then F is either a maximal valuation 
ring or a ring of type I. 
We can assume that F is not a maximal valuation ring. We must then 
prove that F is a ring of type I. If V is a valuation ring, R C V $ Q, then 
V has property D by Lemma 6.2, and so V is a maximal valuation ring 
by [5, Theorem 21. Thus F is not a valuation ring. 
Let % be the collection of valuation rings V such that R C V ,C Q and 
such that V is minimal with respect to this property. Since F is the intersection 
of the valuation rings containing R, we can apply Zorn’s Lemma and obtain 
F = flv,v V. 
Since F is not a valuation ring, 9 has at least two distinct elements V 
and W. By minimality, V p W and Wq V. Let m(V) and m(W) be the 
maximal ideals of V and W, respectively. Let S = V n W; M = m(V) n S; 
and N = m(W) n S. Then S is a Prtifer ring such that SM = V and 
S, = W are maximal valuation rings. We will prove that S is an h-local 
ring. According to [5, Lemma 61 to do this it will be necessary and sufficient 
to prove that inj dim, S = 1. 
Suppose that S is not an h-local ring. Then there exists a nonzero prime 
ideal P of S such that PC M n N. Since V = S, C S, , we have that 
S, is a valuation ring with maximal ideal m(Sp) = PS, and PS, C V. 
Similarly PS, C W. Hence PS, C V n W = S, and so P = PS, n S = PS, . 
Thus there exists a nonzero element r E R such that rSp C S. Since R has 
a remote quotient field, we have by Lemma 1 that SF’ = 0. Since 
S-l C (l/r) S;’ = 0, it follows from Corollary 1 that inj dim, S = 1. 
We still have to show that S has injective dimension one over S. 
Now there exists an exact sequence of R-modules: 
o-+s--+ vg w-t v+ w+o. 
Since V+ WCS,, V + W is reduced. Also V and W being maximal 
valuation rings are cotorsion modules over themselves, and hence cotorsion 
modules over R as well [2, Corollary, p. 5753. Therefore, S is a cotorsion 
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R-module and extRi(Q, ,“) = 0. Let I be a nonzero ideal of 5’. Since 1 is an 
R-submodule of Q and extRz(Q/I, S) L; 0, it follows that extR1(I, 5’) I= 0. 
Consider an exact sequence of S-modules and S-homomorphisms of the 
form 
O+Sfil+I-0. 
Since extR1(I, S) -~= 0, this splits over R, and hence there exists an R- 
homomorphism g : =1 - Ssuch thatg.f zm I on S. 
In fact g is an S-homomorphism, since S is a torsion free S-module. 
Therefore, the previous exact sequence splits over S as well as R. Hence 
ext,l(J, S) = 0. Since extsZ(S/I, S) s ext,l(1, S) -7 0, we have inj dim, S --: 1. 
We have thus shown that S is an h-local ring. Thus S is a ring of type I. 
We will assume that S f  F, and arrive at a contradiction which will 
prove our assertion that F is a ring of type I. Since 5’ f  F, V has a distinct 
third element C such that if T m= C: n I7 n I’, then T =/ S. By the inde- 
pendence of valuations [6, Theorem 11.111, T has exactly three maximal 
ideals: m(U) n T, rrz(l’) n T, and m(W) n T, and the localizations of T 
with respect to these ideals are Z,‘, P7, W, respectively. 
Since T has property I1 by [4, Lemma 6.21, we have by Theorem A 
that T is not an h-local ring. Hence there exists a nonzero prime ideal I’” 
of T which (without loss of generality) we can assume is contained 
in (m( c’) n T) n (rrz(I+) n I’). Then T’ = TrncvjnT C Tp*, and hence 
P*T+ C m( I;). Similarly we have 15’ = r,,L(w~nr C Tp* and P”Te, C m(W). 
Therefore, P-T, A is a nonzero prime ideal of S CT n 11’ that is contained 
in m( I’) n m(I+J -~~ 111 n A&7. This is a contradiction, since S is an h-local 
ring. Thus F S is a ring of type 1. 
(2) Either R is a local ring, or R is a ring of type I. 
Suppose that R is not a local ring. Then the integral closure E of R can not 
be a valuation ring. Hence by (1) F is a ring of type 1. Let Nr and I\‘~ be the 
two distinct maximal ideals of F, and let MI ~~ Ni n R and MZ = N, n R. 
Then Mi and JI, arc the only maximal ideals of R, and lJ!J, + M, . 
I f  R is an h-local ring, then by Theorem A, R is a ring of type 1. Hence 
we will assume that R is not an h-local ring and arrive at a contradiction. 
Thus we can assume that R has a nonzero prime ideal P such that 
I’ C :\I, n M, . Since F is the integral closure of R, there exists a nonzero 
prime ideal P* of F such that P” n R ~= P. Since F is an h-local ring, we 
can assume that P* C X1 and P q -Xrrl . 
Let I be an ideal of F containing P*. Then I C Nr and I@ N, . Let 
.T EF,~I n F; then x _= a/s, where a E I and s EF - N, . We have that 
I + Fs is not contained in either Ni or NZ, and hence I + Fs =I F. Thus 
there exist elements b t I and r E F such that 1 = b + YS. Hence x =z 
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bx + rsx = bx + ra is an element of I. Thus we have shown that 
F,,I n F = I. Since F”, is a valuation ring it follows that the ideals of F 
that contain P* are linearly ordered. Therefore, F/P* is a valuation ring. 
Since F is integral over R and P* n R = P, we have that F/P* is integral 
over RIP. Since F/P* is a valuation ring it follows that RIP is a local ring. 
But RIP has two distinct maximal ideals MJP and MJP. This contradiction 
shows that R is an h-local ring, and hence is a ring of type I. This proves (2). 
According to (2) we can assume that R is a local ring with property D 
and a remote quotient field. We will call such a ring a 19 ring. To complete 
the proof of Theorem B it will be necessary and sufficient to prove that 0 
rings do not exist. 
(3) Let R be a 0 ring, with maximal ideal M. Then the integral closure F 
of R is a maximal valuation ring with maximal ideal N and RIM s FIN, 
andF-1 = 0. 
Suppose that F is not a maximal valuation ring. Then by (1) F is a ring 
of type 1. Let Nr and N, be the two distinct maximal ideals of F. We have 
F,,,, n Fyz = F; and by [3, Theorem 8.51 we have that FN, + FN, = Q, 
the quotrent field of R. Hence we have an exact sequence 
From this we derive the exact sequence 
homR(FNI , R) @ hom,(FNz , R) -+ homR(F, R) -+ ext=‘(Q, R). 
Since R is a local ring with property D we have by [S, Theorem l] that R 
is complete in the R-topology. Thus R is a cotorsion R-module by [3, 
Theorem 5.41 and so extR1(Q, R) = 0. Since R has a remote quotient field, 
and FNi is a valuation ring, we have by Lemma 1 that hom,(FNi, R) = 0 for 
i = 1,2. Hence from the previous exact sequence we see that homR(F, R) = 0; 
that is F-l = 0. 
Let x E NI , x $ N, , and let R, = R[x]. Since x is integral over R, R, is 
a finitely generated R-module. Hence Ii;’ # 0. Since F-l = 0, we have 
R, # F. However, F is the integral closure of R, , and thus R, is not integrally 
closed. Now R, has a remote quotient field. For if there exists an element 
q # 0 E Q such that qF C R, , then (R;lq)F C R, which contradicts F-l = 0. 
By [4, Lemma 6.21 R1 has property D. Hence by (2) R1 is either a local 
ring or a ring of type I. Since rings of type I are integrally closed, it follows 
that R, is a local ring with maximal ideal P. 
Since x is not invertible in F, we have x E P. But F is the integral closure 
of 4, and thus Nr n R, = P = N, n R, . Therefore, x EN, . This 
contradiction shows that F is a maximal valuation ring with maximal ideal N. 
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Since R has a remote quotient field and F is a valuation ring, we have 
F-l == 0 by Lemma 1. ?Jow MF C N, and thus we must have A-l = 0 
also. Thus inj dim, N =- I by Corollary I. It follows that Q/X is an injective 
R-module. 
Kow Q/N is an indecomposable R-module. For N is a cotorsion F-module, 
and hence by [2, Corollary, p. 57.51 N is a cotorsion R-module. Therefore, 
hom,(Q, Q/N) s Q by [2, Proposition 41. It follows readily from [3, II, p. 31 
that Q/N is an indecomposable injective R-module. 
Now F/N is contained in the socle of Q/N considered as an R-module. 
However, since Q/N is an indecomposable injective R-module, the socle of 
Q/N is a simple R-module by [ 1, Proposition 2.21. Hence we have F/N= R/M. 
(4) Let R be a B yz’ng with mcuimal ideal M. Then M-l y= R. 
By (3) the integral closure F of R is a maximal valuation ring with maximal 
ideal N and F mr =-= 0. Let c =f- 0 E AU’ and define 
Clearly L, is an ideal of F, and thus the set (L, / c f  0 E Il/r} is a linearly 
ordered set. Since R is not a valuation ring, the principal ideals of R are 
not linearly ordered. Hence there exists an element c f  0 EM such that 
Rc f  L, n R. 
Now Rc $ L, I-J R. For if b E R and b 6 Rc, then we can apply Lemma 3 
to obtain 
Rc =: (Fb n Rc) $ (Rc : b)b. 
Thus Rc C Fb, and so Rc $ L, n R. 
Choose any element b EL, n R such that b 6 Rc. Then Fb is one of the 
terms of the intersection L, , and hence L, C Fb. But b EL, , which is an 
ideal of F, and thus Fb CL, . Therefore, L, = Fb. 
Let d # 0 E M. Then db EL, n R. If db 6 Rc, then as before we have 
L, = Fbd. Hence Fbd = Fb, and thus Fd == F. But d E MC N which is a 
contradiction. Therefore, db E Rc. Thus we have Mb C Rc. Let x = b/c t Q. 
Then x 6 R, but &k C R. Hence x E M-l, x $ R which proves that M-l f  R. 
(5) Let R be a 0 ring with maximal ideal M. Then M is a principal ideal of R. 
Suppose that M is not a principal ideal of R. Then AZ-’ is a ring, and 
by (4) M-l properly contains R. Thus M-l has property D by [4, Lemma 6.21. 
Since R has a remote quotient field, clearly M-l also has a remote quotient 
field. Let S be the integral closure of M-r. Then the integral closure F 
of R is contained in S. Since F is a maximal valuation ring, S is also a valuation 
ring. Thus M-l is a local ring; that is, M-l is a o-ring with maximal ideal P. 
Let B be the maximal ideal of S; then P = B n M-l. 
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Since F C S, we have B C N, the maximal ideal of F. Since M is not a 
principal ideal of R, we have M-lM = M, and thus M is an ideal of M-l. 
Therefore MCP, andso Pr\R=M. Thus B~R=BBMM-lnR= 
P n R = M. Hence the integral domain F/B is integral over the field R/M. 
But then F/B is a field, and so B = N. This proves that F = S, the integral 
closure of M-l. 
By (3) we have that RIM z F/N. Hence F = R + N. This shows that 
M-l = R + P. For let x E M-l. Then x E F, and so x = Y + y, where 
rERandyEN.Hencey===x-rrM-lnN=P.ThusxER+P,and 
we have M-l = R + P. Choose x E M-l such that x $ R. Then X = a/b 
where a, b E R and b # 0. Since x # R, a $ Rb. Thus we can apply Lemma 3 
and obtain 
Rb = (Fa n Rb) + (Rb : a)a. 
Therefore b 6 Fa and so l/x = b/a E F. This shows that x is a unit in F. 
Since N n M-l = P, it follows that x is a unit in M-l. We have shown that 
P n (M-l - R) is empty. Hence we have PC R. But then M-l = R + P = R 
which contradicts (4). Therefore M is a principal ideal of R. 
(6) Let R be a 6’ ring with maximal ideal M and quotient $eld Q. Let S 
be an R-module such that R C SC Q and S-l = 0. Let x be any nonzero 
element of M. Then Rx # Sx n R. 
Suppose that Rx = Sx n R. Let b and c be nonzero elements of M. 
Suppose b $ Rc. Let a = xc E MC. Then by Lemma 3 
Rc = (Sa n Rc) + (Rc : b)b. 
Now Ra = Rxc = (Sx n R)c = Sxc n Rc = Sa n Rc. Hence 
Rc=Ra+(Rc:b)bCRa+RbCMc+Rb. 
Thus Rc + Rb = MC + Rb, and hence 
M Rc + Rb 
( 1 
McfRb = Rc + Rb 
Rb = Rb Rb ’ 
Therefore, by the Nakayama Lemma, we have Rc + Rb = Rb. Therefore 
cERb. 
Thus if b $ Rc, then c E Rb which shows that R is a valuation ring. This 
is a contradiction since a valuation ring does not have a remote quotient 
field. Hence Rx # Sx n R. 
(7) 0 rings do not exist. 
Let R be a 0 ring with maximal ideal M. By (5) there is an element 
a # 0 E R such that M = Ra. Let F be the integral closure of R. Then 
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we must have Ra = Fa n R. However, F-l -= 0 by (3). But this contradicts 
(6). Therefore 0 rings do not exist. 
By (2) a ring with property D and a remote quotient field is either a 0 ring, 
or a ring of type I. Since we have shown that 0 rings do not exists, R is a 
ring of type I. This concludes the proof of the theorem. 
LEMMA 4. Let R be an integral domain whose quotient field Q is not remote. 
Let A be an extension of R by Q. Then A is decomposable if and only if R is a 
direct summand of A. 
Proof. Suppose that A = A, @ A, is a nontrivial direct sum decomposi- 
tion of A. Then A, and 4, are torsion-free R-modules of rank one. Since 
Q is not remote from R, Q is not the sum of two proper R-submodules. 
Hence if f  is the canonical mapping of A onto Q with kernel R, then either 
f(A,) = Q or f(A,) =- Q. We can assume that f(A2) = Q. Then we have 
A = R + A, . Since A, has rank one, and Q is torsion-free, we must have 
Kerf n A, = 0. Therefore, A = R @ A, . 
The following theorem is an equivalent version of Theorem B. 
THEOREM B’. Let R be an integral domain. Then the following statements 
are equivalent: 
(1) Risaringof typeI. 
(2) R has property D and is not complete (in the R-topology). 
Proof. (1) =:. (2). Let R be a ring of type 1, and let lW1 and Ma be the 
maximal ideals of R. Since R is an h-local ring, and R, and RM, are maximal 
valuation rings, the completion of R (in the R-topoligy) is RM1 @ RM, by 
[3, Theorem 8.51. Therefore, R is not complete in the R-topology. R has 
property D by Theorem B. 
(2) 3 (1). Suppose that R has property 1) and is not complete in the 
R-topology. If  R has a remote quotient field, then R is a ring of type I by 
Theorem B. Suppose that R does not have a remote quotient field. Let A 
be an extension of R by Q. Then A is a torsion-free R-module of rank two, 
and hence is a direct sum of two modules of rank one by D. By Lemma 4, 
A is a split extension of R by Q. Thus we have ext,l(Q, R) = 0, and thus 
by [3, Theorem 5.41, R is complete in the R-topology. This contradiction 
shows that R is a ring of Type 1. 
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